ABSTRACT. Let r be a finitely generated Fuchsian group of the first kind acting on the unit disk ~. The kernel of the Poincare series operator of the Hardy space HP, 1 < p < 00, onto the Bers space Aq(r) of integrable holomorphic automorphic forms of weight -2q, q E Z, q ~ 2, on ~ for r is characterized in terms of Eichler integrals of order 1 -q on ~ for r.
Introduction.
In 1882 H. Poincare raised the problem, called Poincare's vanishing problem, of finding explicit conditions that a function belongs to the kernel of the Poincare theta series operator. In [14] G. M. Ljan proved that a certain set is dense in the kernel of the Poincare series operator Aq ---> Aq (r) (for the notations, see §1 below), and improved this result in [15] . T. A. Metzger [18] obtained another dense set in the kernel (see also Kra [12] ). Their results gave no algorithm whether or not a specific function belongs to the kernel, however. D. A. Hejhal first succeeded in giving a finite algorithm that determines whether or not certain rational functions are in the kernel of the Poincare series operator (see [10] and the references given there). I. Kra [12] used the Eichler cohomology theory to consider the same problem, and he also obtained an algebraic decision procedure for the solution.
In this paper we consider a finitely generated Fuchsian group of the first kind acting on the unit disk, and give a necessary and sufficient condition that a function in the Hardy space HP, 1 < p < 00, belongs to the kernel. The condition is stated in terms of Eichler integrals. Our theorem leads us to a result (cf. Proposition 1) similar to Kra's theorem [12, Theorem 2] , which is a fundamental tool in his solution. Our approach is, however, quite different from his.
The author would like to express his sincere thanks to Professor F -Y. Maeda who gave him a great deal of advice. He also thanks Professor M. Shiba for valuable suggestions and kind guidance. Let A denote the class of functions holomorphic in ~ and continuous in ~. Let A. be the set of all I E A such that This lemma is easily verified by a direct computation.
If it is shown that we may reverse the order of summation, we will have (4) But for each fixed <; E ~ the last series converges absolutely and uniformly on compact subsets of ~ •. Thus the Weierstrass theorem on double series guarantees the interchange of the order of summation, and we obtain (4 (4), as a function of z, is an Eichler integral of order 1 -q on n for r. This together with Lemma 3 yields the lemma.
We have not yet used the assumption that r is a finitely generated Fuchsian group of the first kind. In the next lemma we need this assumption.
LEMMA 5. Ifr is finitely generated and of the first kind, then Et (f) is spanned by K" <; E~. 
PROOF. The hypothesis implies that
Since Ng(r)1-is the smallest closed subspace of HP' that contains K" <; E ~, we have the lemma.
In the next section, as an application of our theorem, we will prove a classical result, which implies that every element of Aq(r) is of the form 8 qv with v a polynomial (see Proposition 2). This fact was used in the above proof. Therefore, it may be of some significance to give an alternative proof of Lemma Lrpj induces an Abelian differential on S whose only singularity is a simple pole at the projection of <;j with residue Cj. Since S is closed, we have Cj = 0, j = 1, ... , d. This completes the proof.
We can now prove the theorem easily. It follows from Lemmas 2 and 5 that for
IEHP,
IE N:(r) {:} (/, KJ = 0 for all <; E ~ {:} I E E~' (r)l..
This proves the theorem.
3. Consequences. In the rest of this paper we give some consequences of the theorem and the lemmas. In this section we consider finitely generated Fuchsian groups of the first kind.
If I is meromorphic on ~ * and has a radial limit at e i9 E a~ *, we denote this limit by /(e i9 ). PROPOSITION 
Finally, for 1I = 0,1,2, ... , we see that
Since L" C; E~, span E1-q(~·,f) by Lemma 5, we obtain the proposition. REMARK. Kra obtained a similar result [12, Theorem 2]. Our approach is, however, quite different from his.
As an application of Proposition 1, we prove the next classical result (cf. Bers PROOF. We consider only the case a -1= o. The case a = 0 can be treated similarly.
If tp E Aq(f), then 4>(z) = tp(1jz)z-2 q , Z E ~*, is in Aq(~*,f), and the correspondence tp f-> cf> is an antilinear isometry of Aq (~, f) onto Aq (~ * , f). Let cf>Jo correspond to tpj, j = 1, ... , d. We may assume that
If v(z) = L~=l tk(Z -1ja)-2 q -J-Lk and 8 qv vanishes identically on ~, then it follows from Proposition 1 that 
is an Eichler integral on 0 and the restriction of L, to D* belongs to E 1_q(D*, f).
For a E D* -{oo}, taking a subdomain Do of D* whose boundary consists of finitely many analytic curves and which contains a and 00, we have
1l't JaD~ for each ~ E 6. Similarly, we have 4. Arbitrary Fuchsian groups. In this section f is assumed to be an arbitrary Fuchsian group acting on 6; r may be infinitely generated or of the second kind. PROPOSITION 3.
PROOF. Using (3) and (4), we obtain (ii) Inequality (5) PROOF. If f E Hi, then it follows from (2) and (6) that
Since the assumption implies that SUP,E.c. L')'Er(l-h(~)12)q-i < +00 (Godement [9] (ii) If r is finitely generated, then Aq(r) C Bq(r) (Drasin-Earle [6, Theorem 1]). The same conclusion holds for more general r (cf. Lehner [13] ). Thus for such r Proposition 4 is a trivial consequence of Lemma 1. However, it should be noted that there exists a group r of convergence type for which A2 (r) r:t. For general r we may define NC(r) and Et (r) as in the theorem. The theorem claims that NC(r) = E~' (r).l if r is finitely generated and of the first kind. For arbitrary r we can prove the following proposition. (ii) Metzger [18] proved that the kernel of 8 q: Aq -----Aq(r) is the smallest closed subspace of Aq containing ('l/Jn 01) . h,)q -'l/Jn, 1 E r, n = 0, 1,2, ....
